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Abstract
A central problem in the representation theory of finite groups is, given a prime p, the study of rela-
tionships between the representations of G and those of p-local subgroups of G. The simplest of these is
perhaps the McKay Conjecture, which concerns the number of irreducible characters of degree prime to p.
Even though this conjecture remains open, in an effort to understand it, a number of strengthenings of it
have been proposed. Recently, Isaacs and Navarro, and later Navarro, have proposed interesting stronger
conjectures indicating that congruences modulo p of the degree of the characters, and the invariance under
certain type of fixed Galois automorphism could be taken into account as well. We propose an even further
strengthening of McKay’s Conjecture which takes into account, in addition, the p-local field of definition
of the irreducible characters, as well as their p-local Schur indices.
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1. Introduction
One of the central questions of the representation theory of finite groups is to prove a number
of conjectures that relate the properties of the representations of a finite group with properties of
the representations of their local subgroups. Among these, one of the simplest and most striking
is the McKay Conjecture.
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4854 A. Turull / Journal of Algebra 319 (2008) 4853–4868Notation 1.1. Let G be a finite group and let p be a prime number. Then we denote by Irr(G)
the set of all the irreducible (complex) characters of G, and we use the notation
Irrp′(G) =
{
χ ∈ Irr(G): p  χ(1)}
for the set of all the irreducible characters of degree not divisible by p.
The McKay Conjecture asserts that, if G is any finite group, p any prime, and N is the
normalizer of a Sylow p-subgroup of G, then |Irrp′(G)| = |Irrp′(N)|. This conjecture is known
to be true in many cases, and most experts believe it will be proved correct eventually. However,
there is, as yet, no simple explanation of why it should be true.
In the present paper, we propose some new conjectures which are much stronger than the
McKay Conjecture, and which suggest a possible setting for the original McKay Conjecture.
More specifically, we conjecture that the McKay Conjecture can be strengthened to give very
strong information on the representations in characteristic zero, as long as our field of definition
contains the p-adic numbers.
One of the most characteristic features of representations of finite groups in characteristic
zero is the appearance of Schur indices. It is easy to find examples where the McKay Conjecture
cannot be strengthened to say that there is a bijection between the characters that preserves
Schur indices. However, we conjecture that there will be a bijection preserving Schur indices if
we calculate all Schur indices over fields containing the p-adic numbers. Schur indices over the
field of p-adic numbers are called p-local Schur indices. This suggests that the correct setting
for the McKay Conjecture, and related conjectures, is representations in characteristic zero over
the field of p-adic numbers.
For any prime p, we denote by Qp the field of p-adic numbers. Let F be some field of
characteristic zero. We denote by F the algebraic closure of F . Given a character χ of some finite
group G, we denote by F(χ) the field obtained by extending F by all the values of χ on G. We
denote by mF (χ) the Schur index of χ with respect to the field F . We denote by mp(χ), the local
Schur index of χ , that is, the Schur index of χ with respect to Qp . Hence, mp(χ) = mQp (χ).
We are now in a position to state the simplest form of our conjecture.
Conjecture A. Let p be a prime number, let G be any finite group, and let P be a Sylow p-
subgroup of G. Then there exists a bijection
f : Irrp′(G) → Irrp′
(
NG(P )
)
satisfying all of the following conditions:
(1) f commutes with the action of Gal(Qp/Qp), so, in particular, Qp(χ) = Qp(f (χ)) for every
χ ∈ Irrp′(G).
(2) For every χ ∈ Irrp′(G), we have mp(f (χ)) = mp(χ), so that f (χ) and χ have the same
p-local Schur index.
Recently, Isaacs and Navarro [9] have strengthened McKay’s conjecture to claim that there
should be a bijection between Irrp′(G) and Irrp′(N) which preserves ± the character degree mod-
ulo p. Furthermore, Navarro [11] has recently conjectured that, given a Galois automorphism σ
of a certain type, the bijection could be chosen to send the characters in Irrp′(G) invariant by σ
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the conjectures proposed by Isaacs and Navarro and by Navarro remain unproven, there is strong
evidence supporting them.
The Isaacs–Navarro Conjecture adds information of a different type to the one given in our
Conjecture A, and it is natural to combine the two conjectures in an obvious way to obtain an
even stronger conjecture.
Condition (1) of Conjecture A implies the Ordinary Navarro Conjecture [11] for the same
groups. The Galois automorphism that are allowed by Navarro in his conjecture are exactly those
that fix every element of the intersection of Qp with the field Q extended by a primitive |G|th
root of unity, and so they can be extended to elements of Gal(Qp/Qp) which will fix exactly
the same characters. Hence Navarro’s Condition follows immediately from condition (1) in our
Conjecture A. Our condition (1) is actually a stronger statement, as the action of Gal(Qp/Qp)
on the relevant irreducible characters need not be cyclic.
Alperin [1] proposed a block version of the McKay Conjecture. In a similar way, we propose
Conjecture B, as a block version of Conjecture A. Let G be a finite group. If B is a p-block
of G, we denote by Irr(B) the set of irreducible ordinary characters of B , and by Irr0(B) the set
of irreducible ordinary characters of B of height zero. If D is any p-subgroup of G, we denote by
Irr(G,D), respectively by Irr0(G,D), union of Irr(B), respectively Irr0(B), as B runs through
all blocks of G whose defect group is D.
Conjecture B. Let p be a prime number, let G be any finite group, and let D be a p-subgroup
of G. Then there exists a bijection
f : Irr0(G,D) → Irr0
(
NG(D),D
)
satisfying all of the following conditions:
(1) If χ ∈ Irr0(B), and B is a block of G of defect D, then f (χ) ∈ Irr0(b), where b is the Brauer
correspondent block of NG(D) of the block B .
(2) f commutes with the action of Gal(Qp/Qp), so, in particular, Qp(χ) = Qp(f (χ)) for every
χ ∈ Irr0(G,D).
(3) For every χ ∈ Irr0(G,D), we have mp(f (χ)) = mp(χ), so that f (χ) and χ have the same
p-local Schur index.
It is natural to combine this conjecture with the Isaacs–Navarro Conjecture, requiring that
the function f of Conjecture B should preserve, in addition, the congruence of plus/minus the
p′-part of the degrees modulo p predicted by them, see 4.11 and 4.12 below. A version of all
these conjectures could also be given in terms of alternating sums.
Since the irreducible characters of p′-degree are exactly the height zero characters of blocks
whose defect groups are Sylow p-subgroups, we have that Conjecture B, in the case when D is
taken to be a Sylow p-subgroup, implies Conjecture A.
These conjectures imply a new type of strong p-local information that can be obtained from
properties of the characters of the group G. In Section 5, we show some of these. Assuming
Conjecture A, the number of p-rational characters of p′ degree of G will be the same as the
number of p-rational characters of p′ degree of the normalizer of a Sylow p-subgroup, see
Corollary 5.1, below. This completes Navarro’s result [11, (5.4) Theorem] to all primes p. The
identity of local Schur indices yields likewise strong p-local information from the irreducible
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character of p′ degree of G, and p divides the order of G, then the normalizer of a Sylow p-
subgroup of G will contain an element of order pmp(χ).
What evidence is there for these conjectures? The beauty of the statements is, we believe, one
reason the conjectures should be true.
It is well known that the Schur indices can take any possible value for characters of solvable
groups. Hence, the solvable group case is a very important test case. In [18], we prove Con-
jecture A for all finite solvable groups. In fact, in [18], it is proved that a statement stronger
than Conjecture A combined with the Isaacs–Navarro Conjecture holds for all finite groups G
for which G/
⋂
g∈G NG(P )g is solvable. The fact that Conjecture A holds for all finite solvable
groups is strong evidence of its veracity.
It is straightforward to check that Conjecture A holds for the symmetric groups. In fact, using
results of Fong [6], it is straightforward to check that a combination of Conjecture B with the
Isaacs–Navarro Conjecture holds for the symmetric groups. For them, as is well known, all the
irreducible characters are rational valued and have Schur index one, and all relevant irreducible
characters of normalizers of defect groups have values in Qp and Schur index one.
In Section 2, we prove Conjecture B for all blocks with cyclic defect, that is, we prove Con-
jecture B in the case when D is cyclic. In Section 3, we prove Conjecture A or all primes p
and all sporadic simple group G. In Section 4, we prove the combination of Conjecture B and
the Isaacs–Navarro Conjecture (on congruences modulo p of the character degrees) to hold for
each subgroup of GL(n, q) that contains SL(n, q), where p divides q , see Theorem 4.11 below.
It should be noted that, in the non-solvable cases covered by Theorem 4.11, there are many dif-
ferent local fields of values for the characters, and the p-local Schur index mp(χ) is non-trivial
infinitely often.
Note that we systematically write all functions on the left, and compose them from right to
left. This allows, in particular, to compose characters with elements of Galois groups.
2. Blocks with cyclic defect group
In this section we prove Conjecture B for blocks with cyclic defect group. In other words,
we prove Conjecture B for D cyclic. Let G be a finite group, p be a prime, and let D be a p-
subgroup of G. We use freely standard results on blocks with cyclic defect group and blocks in
general as in [4].
We denote by IBr(G,D) the set of irreducible Brauer characters of G in blocks with defect D.
We can view these Brauer characters as functions Gp-reg → Qp , where Gp-reg is the set of p-
regular elements of G. If σ ∈ Gal(Qp/Qp), then, as noted in [11], σ acts naturally on the set of
blocks of G with defect group D, sending ordinary irreducible characters of one block to ordinary
irreducible characters of the Galois conjugate block, and Brauer characters of one block to Brauer
characters of the corresponding Galois conjugate block. Furthermore, the Brauer correspondent
of a Galois conjugate block is the Galois conjugate of the Brauer correspondent of the original
block. The next lemma is a slight generalization of a result of Navarro [11].
Lemma 2.1. Let G be a finite group, let p be a prime, and let D be a cyclic p-subgroup of G.
Let N = NG(D). Then, there exist bijections
F : Irr(G,D) → Irr(N,D),
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such that the following hold.
(1) If χ ∈ Irr(G,D) belongs to a p-block B , then F(χ) belongs to the block b, where b is the
Brauer correspondent block of B .
(2) If φ ∈ IBr(G,D) belongs to a p-block B , then S(φ) belongs to the block b, where b is the
Brauer correspondent block of B .
(3) Both F and S commute with the action of Gal(Qp/Qp).
Proof. The group Gal(Qp/Qp) acts naturally on the set of blocks of G with defect group D.
We let B be a set of representatives of the orbits of this action. For each p-block B of G
with defect D, there is a unique B0 ∈ B which is Galois conjugate to B , and we choose some
σB ∈ Gal(Qp/Qp) such that B = σB(B0). By [11, (3.4) Theorem], for each B ∈ B, there exist
bijections
FB : Irr(B) → Irr(b),
SB : IBr(B) → IBr(b)
where b is the Brauer correspondent to B , such that both FB and SB commute with the action of
the subgroup of Gal(Qp/Qp) of those elements σ such that of σ(B) = B .
We can now define the function F as follows. Let χ ∈ Irr(G,D). Then, there exists a unique
p-block B of G with defect group D such that χ ∈ Irr(B). We let B0 ∈ B be the unique represen-
tative of the Galois orbit of B . Then B = σB(B0) and σ−1B χ ∈ B0. We set F(χ) = σBFB0(σ−1B χ).
This defines the function F . Since Galois conjugation commutes with taking Brauer correspon-
dents, it follows that F defines a bijection and that condition (1) holds. A similar construction
yields the map S, and similarly it satisfies condition (2).
Let now σ ∈ Gal(Qp/Qp), and χ ∈ Irr(G,D). Let B be the p-block of G such that χ ∈
Irr(B). Then, by our definition,
F(χ) = σBFB0
(
σ−1B χ
)
,
where B0 ∈ B is the unique element which is Galois conjugate to B . Since σσ(B)(B0) = σ(B) =
σσB(B0), we have that σσ(B)τ = σσB , for some τ ∈ Gal(Qp/Qp) such that τ(B0) = B0. It fol-
lows that F(σχ) = σσ(B)FB0(σ−1σ(B)σχ) = σσBτ−1FB0(τσ−1B χ). Since FB0 commutes with τ ,
we have σσBτ−1FB0(τσ
−1
B χ) = σσBFB0(σ−1B χ) = σF(χ). Hence, condition (3) holds for F .
Similarly, it holds for S. Hence, the lemma holds. 
Theorem 2.2. Let G be any finite group, p be any prime, and let D be any cyclic p-subgroup
of G. Then, Conjecture B holds for G and D.
Proof. By Lemma 2.1, there exist two bijections
F : Irr(G,D) → Irr(N,D),
S : IBr(G,D) → IBr(N,D)
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height zero, see for example [4, Theorem 2.15, Chapter VII]. Hence, Irr0(G,D) = Irr(G,D) and
Irr0(N,D) = Irr(N,D). We set f = F . Hence, f : Irr(G,D) → Irr(N,D) is a bijection. Now
conditions (1) and (2) of Conjecture B follow immediately from Lemma 2.1.
It follows, from the fact that f is a bijection and that it commutes with Galois action, that, for
each χ ∈ Irr0(G,D), we have Qp(f (χ)) = Qp(χ). For a similar reason, for φ ∈ IBr(N,D), we
have Qp(S(φ)) = Qp(φ).
Let χ ∈ Irr0(G,D). Let B be the p-block with defect D such that χ ∈ Irr0(B). If φ1, φ2 ∈
IBr(B) then Qp(φ1) = Qp(φ2) by, for example, [4, Lemma 13.1 in Chapter VII]. Now by a
theorem of Benard [2], see [4, Theorem 13.4 in Chapter VII], we have that the local Schur index
of χ is given by
mp(χ) =
[Qp(χ,φ1) : Qp(χ)].
Since S(φ1) ∈ IBr(b) where b is the p-block which the Brauer correspondent to B , the same
result also yields
mp
(
f (χ)
)= [Qp(f (χ), S(φ1)) : Qp(f (χ))].
Now since Qp(f (χ)) = Qp(χ) and Qp(S(φ)) = Qp(φ), it follows that mp(χ) = mp(f (χ)).
Hence, condition (3) holds. This completes the proof of Theorem 2.2. 
3. Sporadic simple groups
In this section we prove that Conjecture A holds for all sporadic simple groups.
Theorem 3.1. If p is any prime, and G is any sporadic simple group, then Conjecture A holds
for G and p.
Proof. By Theorem 2.2, it is enough to consider the primes p and sporadic simple groups G
such that the Sylow p-subgroup of G is not cyclic. The character values for the elements of
Irrp′(G) can be found in the Atlas [3], and are also available in GAP [7]. It is straightforward to
list the fields of values Qp(χ) for χ ∈ Irrp′(G). The p-local Schur indices of all the irreducible
characters of the sporadic simple groups were calculated by Feit [5]. An inspection of Feit’s
tables gives us that, for χ ∈ Irrp′(G), the p-local Schur index mp(χ) = 1.
The structure of N/P ′, where P is a Sylow p-subgroup of G, and N = NG(P ) is listed by
Wilson [19]. As mentioned by Navarro [11], three of the structures are listed incorrectly, namely
Co3 for p = 3, Fi23 for p = 5, and Fi′24 for p = 3. In addition, there is a small error in the
presentation for N/P for p = 3 and G = J4. The correct presentation is
NG(P )/P  (2 × 8) : 2
 〈x, y, z ∣∣ x2 = y8 = z2 = [x, y] = [x, z] = 1, yz = xy3〉. (1)
The correct structure in all these cases can be deduced, for example, from the information given
in [8]. In addition, the character table of many of the relevant groups NG(P ) is available in
GAP [7].
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σ ∈ Gal(Qp/Qp), there is a bijection between the irreducible characters in Irrp′(G) fixed by σ ,
and those of Irrp′(N) fixed by σ . Whenever we have that the Galois group Gal(Qp(χ : χ ∈
Irrp′(G))/Qp) is cyclic, then the Navarro Conjecture implies the fact that there is a bijection
f : Irrp′(G) → Irrp′(NG(P )) satisfying condition (1) of Conjecture A. If G is a sporadic group,
p is such that the Sylow p-subgroup of G is not cyclic, and χ ∈ Irrp′(G), then one can check that
Qp(χ) is unramified except for J2 and p = 5, HN and p = 5, He and p = 7, McL and p = 3, Suz
and p = 3, and Th and p = 3. Hence, Gal(Qp(χ : χ ∈ Irrp′(G))/Qp) is cyclic except, possibly,
in the listed six cases. Further computations show that, in fact, this Galois group is cyclic except
in the case McL and p = 3. Hence, the existence of f satisfying condition (1) of Conjecture A
follows in all cases except the case McL and p = 3. Further computations verify the existence of
this map even in the case McL and p = 3.
It only remains to show that mp(ψ) = 1 for all ψ ∈ Irrp′(N) = Irr(N/P ′). Since the p-local
Schur index of a group of order not divisible by p is necessarily one, the only characters to
consider will be induced from characters with a cyclic Sylow p-subgroup. The calculation of
the p-local Schur index is straightforward in this case. Given the structure of N/P ′, we obtain
readily that all the relevant p-local Schur indices are 1. We omit the details. 
4. Subgroups of the general linear group that contain the special linear group
In this section we prove Conjecture B for every subgroup G of the general linear group
GL(n, q) which contains SL(n, q) when p divides q . The Alperin–McKay Conjecture for these
groups was proved by Sukizaki [14]. We begin by describing the parametrization of the charac-
ters of GL(n, q) that we will use, and some of its properties. The irreducible characters of G were
described by J.A. Green. We use the notation of [17] to parameterize the characters of GL(n, q).
We let p be a prime number and we let q > 1 be a power of p. We have the finite field Fp , with
exactly p elements. We fix an algebraic closure of Fp , which we denote Fp . We think of each
finite field in characteristic p as a subfield of Fp . In particular, Fq is a subfield of Fp . For each
positive integer d , we denote by Fd = F×qd the multiplicative group of the field Fqd . We denote
by F̂d the character group of Fd , that is F̂d is the group of group homomorphisms Fd → C×. We
define σq : F̂d → F̂d by σq(θ) = θq .
Definition 4.1.
• Two characters θ and φ in F̂d are conjugate if σkq (θ) = φ for some integer k. This yields an
equivalence relation.
• A d-simplex s is a conjugacy class of size d in F̂d . If θ is some element of s, we write
s = 〈θ〉.
• The degree of a d-simplex s is d(s) = d .
• We denote by Gd the union of all the d-simplexes, and by G the union ⋃∞d=1 Gd .
• Let P be the set of all partitions. For each ν ∈ P , we denote, as usual, by |ν| the sum of its
parts.
• We let F be the set of all functions λ :G → P , which assign the empty partition to almost all
elements of G and have the property that, for every θ ∈ G, we have λ(σq(θ)) = λ(θ).
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deg(λ) =
∑
θ∈G
∣∣λ(θ)∣∣.
• We denote by Fn the set of all elements of F of degree n.
• For each λ ∈ Fn, we denote by χλ the irreducible character (· · · 〈θ〉λ(θ) · · ·), where we take
〈θ〉λ(θ) once for each simplex. Hence, χλ ∈ Irr(GL(n, q)).
Theorem 4.2. The map λ 	→ χλ is a bijection Fn → Irr(GL(n, q)).
Proof. See [17, Theorem 2.2]. 
Two types of action on the set of irreducible characters of GL(n, q) play a key role in this
section. They are the Galois action, and the multiplication of irreducible characters by linear
characters. Both these actions correspond to easily described actions on the parameter set. We
now proceed to describe them in turn.
Definition 4.3.
• For each λ ∈ F , we denote by Q(λ) the field Q extended by the values of all the θ in the
support of λ. Hence, Q(λ) is Q extended by a primitive mth root of 1, where m is the least
common multiple of all the |θ(Fd)| for θ ∈ Gd such that λ(θ) is not the empty partition.
• Let λ ∈ Fn, and let σ ∈ Gal(Q(λ)/Q). Then, we define σλ :G → P , by, for θ ∈ G, setting
σλ(θ) = λ(σ−1θ) if θ is such that Q(θ) ⊆ Q(λ), and σλ(θ) is the empty partition otherwise.
Naturally, here σ−1θ denotes function composition. We have that σλ ∈Fn.
Lemma 4.4. Let λ ∈Fn. Then Q(χλ) ⊆ Q(λ) and, for each σ ∈ Gal(Q(λ)/Q), we have that the
composition of the character with the Galois automorphism is simply σχλ = χσλ, see 4.3.
Proof. See [17, Lemma 2.4]. 
The second type of action that plays a major role in this section is the action on Irr(GL(n, q))
by linear characters of GL(n, q). It too corresponds to some easily described action of the para-
meter set which we now proceed to describe.
We let n be a positive integer. Then Fqn can be viewed as a vector space over Fq of dimen-
sion n. We set GL(n, q) to be the group of all invertible linear transformations of the vector space
Fqn over Fq onto itself. Each element of Fn acts on the vector space Fqn by left multiplication, so
we think of Fn as a subgroup of GL(n, q). There is the determinant function det which provides
a surjective homomorphism
det : GL(n, q) → F1,
whose kernel is denoted SL(n, q), and which provides a fixed isomorphism from GL(n, q)/
SL(n, q) onto F1. Hence, the determinant function det provides a fixed isomorphism from
GL(n, q)/SL(n, q) onto F1. If α ∈ F̂1, then α det is a linear character of GL(n, q).
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• By abuse of notation, we may also view α as a linear character of GL(n, q) (strictly speak-
ing as the composition α det), or as a linear character of Fd for any positive integer d
(strictly speaking as the composition α Norm, where Norm is the norm homomorphism
Norm : F×
qd
→ F×q ). The context will determine which version of α needs to be used.
• If χ ∈ Irr(GL(n, q)), then αχ is simply the product of the two characters of GL(n, q).
• If θ ∈ F̂d , for some positive integer d , then αθ is simply the product of the two elements
of F̂d .
• If λ ∈F , then we define αλ :G → P by αλ(θ) = λ(α−1θ). It is easy to see that αλ ∈F and
deg(αλ) = deg(λ).
Theorem 4.6. For each α ∈ F̂1 and each λ ∈ Fn, αχλ is an irreducible character of GL(n, q),
and in fact
αχλ = χαλ.
Proof. See [17, Theorem 2.6]. 
For convenience, we now fix the integer n, and we fix some p-adic fields.
Notation 4.7. Fix the positive integer n. We let F be the field Qp extended by a primitive (qn! −
1)th root of unity ζ(qn!−1). For each divisor m of qn! − 1, we set ζm = ζ (q
n!−1)/m
(qn!−1) . We let R be
the ring of integers of F , and we let M be its maximal ideal. We identify Fqn! = R/M . We use
:R → Fqn! for the natural projection. For i such that 1  i  n, we may think of Fqi as a
subfield of R/M . When restricted to the subgroup 〈ζ(qi−1)〉 generated by ζ(qi−1), yields a
group isomorphism 〈ζ(qi−1)〉 → Fi . Hence, ζ(qi−1) is a generator of Fi . We may describe any
element of F̂i by its value on ζ(qi−1). Hence, for θ ∈ F̂i , we set θˆ to be the value of θ on the
preferred generator, so θˆ = θ(ζ(qi−1)). Notice that θˆ is a (qn! − 1)th root of unity, so we consider
it to be in R, that is, we have θˆ ∈ R. We take θˆ ∈ Fqn! to be the projection of θˆ into the finite field.
Notation 4.8. We let P(n,q) be the set of all monic polynomials p(x) in Fq [x] which have
degree n and p(0) = 0.
Theorem 4.9. An irreducible character χλ of GL(n, q) has degree prime to p if and only if the
image of λ consists only of partitions whose parts consist only of ones. We define
f1 : Irrp′
(
GL(n, q)
)→ P(n,q)
by setting
f1(χλ) =
∏
θ∈G
(x + θˆ )|λ(θ)|.
Then, the following hold.
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(2) Let χ ∈ Irrp′(GL(n, q)), and let η ∈ Irr(Z(GL(n, q))) be the linear character contained in
the restriction of χ to the center of GL(n, q). Since Z(GL(n,q)) is naturally isomorphic
to F1, we may view η ∈ F̂1. Then, the constant term of the polynomial f1(χ) is ηˆ.
(3) Let χ ∈ Irrp′(GL(n, q)), and let μ ∈ Irr(GL(n, q)) be a linear character. Then, as
GL(n, q)/SL(n, q) is naturally identified with F1 using the determinant map, we view
μ ∈ F̂1, and we set α = μˆ ∈ F×q . Suppose that
f1(χ) = xn + a1xn−1 + · · · + an.
Then, μχ ∈ Irrp′(GL(n, q)), and
f1(μχ) = xn + αa1xn−1 + α2a2xn−2 + · · · + αnan.
(4) Let σ ∈ Gal(F/Qp). Then σ(R) = R, and σ(M) = M , so σ defines σ ∈ Gal(Fq/Fp). Then,
for all χ ∈ Irrp′(GL(n, q)), we have
f1(σχ) = σ
(
f1(χ)
)
.
Proof. The fact that an irreducible character χλ of GL(n, q) has degree prime to p if and only
if the image of λ consists only of partitions whose parts consist only of ones follows easily from
the degree formula for the character that can be found in Macdonald’s book [10, (6.7) page 286].
For each i  n, the map from F̂i to Fqn! given by θ 	→ θˆ ∈ Fqn! , for θ ∈ F̂i , is multiplicative.
By Definition 4.1, λ(θ) = λ(θq), and it follows that f1(χλ) is fixed by the corresponding Galois
automorphism, so that f1(χλ) ∈ P(n,q). Hence, the map f1 is well defined. Let p(x) ∈ P(n,q).
Then, p(x) determines uniquely its roots, and all its roots are in Fqn! . We can construct λ :G → P ,
by assigning to each θ ∈ G the empty partition if the order of θ does not divide qn! − 1, and the
partition that consists of as many ones as the multiplicity of −θˆ as a root of p(x) otherwise.
Let −ρ be any root of p(x), then there is exactly one θ such that ρ = θˆ , and this θ is in Gd
where d is the number of Galois conjugates of ρ over Fq . It follows, since the multiplicity of all
Galois conjugates of −ρ as roots of p(x) is the same, that λ ∈ Fn. Hence, f1 is a bijection, and
condition (1) holds.
By for example [15, Proposition 2.5], the character η can be computed as
η =
∞∏
d=1
∏
θ
(
ResFdF1 (θ)
)|λ(θ)|
,
where, in the second product, θ runs through a set of representatives of the d-simplices. Since,
for each d  n, the preferred generator of Fd raised to the power (qd −1)/(q−1) is the preferred
generator of F1, it follows that the value of η on the preferred generator of F1 is
∞∏
d=1
∏
θ
(
θˆ (q
d−1)/(q−1))|λ(θ)| = ∏
θ∈G
(θˆ )|λ(θ)|,
where, in the second product on the left, θ runs through a set of representatives of the d-simplices,
and in the product on the right, θ runs through all elements of G. Condition (2) then follows.
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function applied to the preferred generator of Fi , it follows that, under the multiplication in Def-
inition 4.5, we have θ̂μ = θˆ μˆ, and condition (3) follows. Condition (4) follows from Lemma 4.4
and Definition 4.3. 
Theorem 4.10. Let B(n,q) be the subgroup of GL(n, q) consisting of all upper triangular ma-
trices, so B(n,q) is the normalizer of a Sylow p-subgroup of GL(n, q). Then, there exists
f2 : Irrp′
(
B(n,q)
)→ P(n,q)
such that the following hold.
(1) f2 is a bijection.
(2) Let χ ∈ Irrp′(B(n, q)), and let η ∈ Irr(Z(GL(n, q))) be the linear character contained in the
restriction of χ to the center of GL(n, q). Since Z(GL(n, q)) is naturally isomorphic to F1,
we may view η ∈ F̂1. Then, the constant term of the polynomial f2(χ) is ηˆ.
(3) Let χ ∈ Irrp′(B(n, q)), and let μ ∈ Irr(B(n, q)) be a linear character such that the kernel
of μ contains B(n,q)∩SL(n, q). Then, as B(n,q)/B(n, q)∩SL(n, q) is naturally identified
with F1 using the determinant map, we view μ ∈ F̂1, and we set α = μˆ ∈ F×q . Suppose that
f2(χ) = xn + a1xn−1 + · · · + an.
Then, μχ ∈ Irrp′(B(n, q)), and
f2(μχ) = xn + αa1xn−1 + α2a2xn−2 + · · · + αnan.
(4) Let σ ∈ Gal(F/Qp). Then σ(R) = R, and σ(M) = M , so σ defines σ ∈ Gal(Fq/Fp). Then,
for all χ ∈ Irrp′(B(n, q)), we have
f2(σχ) = σ
(
f2(χ)
)
.
Proof. Let P be the Sylow p-subgroup of B(n,q). Then, P is the set of upper triangular matrices
of GL(n, q) with ones on the diagonal. As is well known,
Irrp′
(
B(n,q)
)= Irr(B(n,q)/P ′),
where P ′ is the commutator subgroup of P . The commutator subgroup P ′ of P is the set of all
elements of P which have zeros on the second diagonal. For i = 1, . . . , n − 1, let ρi :P → Fq
be the map that assigns to each element of P its (i, i + 1) matrix entry. Then, ρi is a surjective
group homomorphism, and the map
ρ :P → Fq
(n−1) times×· · ·× Fq,
ρ(g) = (ρ1(g), . . . , ρn−1(g))
is a surjective group homomorphism with ker(ρ) = P ′.
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in the diagonal are (ζ0, . . . , ζ0,1, . . . ,1), where the first i diagonal entries are ζ0, and the other
diagonal entries are 1 ∈ Fq . For i = 1, . . . , n, j = 1, . . . , n − 1, and g ∈ P , we have
ρj
(
tigt
−1
i
)= {ρj (g), if i = j ;
ζ0ρj (g), if i = j. (2)
Further, set T = 〈t1, . . . , tn〉. We have B(n,q) = T P .
Let φ0 be a non-trivial additive character of Fq . For i = 1, . . . , n−1, set φi = φ0ρi . Hence, φi
is a non-trivial linear character of P whose kernel contains ker(ρi). By (2), if ψ is any character
of P whose kernel contains ker(ρi), then either ψ = 1P or ψ is conjugate to φi by some power
of ti . For each S ⊆ {1, . . . , n − 1}, set
φS =
∏
i∈S
φi .
Now any character of P whose kernel contains P ′ is uniquely a product of characters whose
kernels contain ker(ρi) for i = 1, . . . , n−1. It follows from (2) that the φS for S ⊆ {1, . . . , n−1}
form a set of representatives for the B(n,q)-conjugacy classes of irreducible characters of P
whose kernel contains P ′.
We are now ready to define the map f2. Let χ ∈ Irrp′(B(n, q)). Since P is a normal subgroup
of B(n,q), the restriction of χ to P can only involve linear characters. Let S be the unique subset
of {1, . . . , n− 1} such that φS is conjugate to every such irreducible character of P . Let I be the
inertia group of φS in B(n,q). Now
I ∩ T = 〈ti : i ∈ {1, . . . , n} and i /∈ S〉.
Notice that I/ker(φS) is abelian. The characters of I above φS are all linear, and there is a unique
one ψ which induces to χ . For each i ∈ {1, . . . , n}, if ti ∈ I , the value of ψ(ti) is a (q − 1)th root
of unity. We set ai = ψ(ti) ∈ Fq if ti ∈ I , and, ai = 0 ∈ Fq if ti /∈ I . Furthermore, we set
f2(χ) = xn + a1xn−1 + a2xn−2 + · · · + an.
The map f2 : Irrp′(B(n, q)) → P(n,q) is well defined. Conversely, suppose p(x) ∈ P(n,q), and
p(x) = xn + a1xn−1 + a2xn−2 + · · · + an. Define S to be the set of all i ∈ {1, . . . , n} such
that ai = 0. By the definition of P(n,q), n /∈ S. Then the non-zero coefficients determine a
unique character of the inertia group of φS above φS . The character of B(n,q) induced from
this character is an element of Irrp′(B(n, q)). Clifford theory implies that these two maps are
inverse of each other, so that f2 is a bijection, and (1) holds. Since tn is the preferred generator
for the center of GL(n, q), condition (4.10) follows directly from the definition of f2. Since the
determinant of ti is ζ i0, condition (3) follows from the definition. Likewise, condition (4) follows
from the definition of f2. Hence, the theorem holds. 
Theorem 4.11. Let p be a prime number, let q > 1 be a power of p, let n  1, and let G be a
subgroup of GL(n, q) that contains SL(n, q). Let D be a p-subgroup of G. Then there exists a
bijection
f : Irr0(G,D) → Irr0
(
NG(D),D
)
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(1) For every χ ∈ Irr0(G,D), there is some  ∈ {1,−1} such that χ(1) ≡ f (χ)(1) (mod p).
(2) If χ ∈ Irr0(B), and B is a block of G of defect D, then f (χ) ∈ b, where b is the Brauer
correspondent of NG(D) of the block B .
(3) f commutes with the action of Gal(Qp/Qp), so, in particular, Qp(χ) = Qp(f (χ)) for every
χ ∈ Irr0(G,D).
(4) For every χ ∈ Irr0(G,D), mp(f (χ)) = mp(χ), so that f (χ) and χ have the same p-local
Schur index.
Remark 4.12. The Isaacs–Navarro Conjecture for blocks concerns the p′-part of the degree of
the characters, and requires to multiply the left hand side of the congruence modulo p of condi-
tion (1) by the p′-part of [G : NG(D)]. In our case, however, the blocks of G have either zero
defect, or full defect. For blocks of full defect [G : NG(D)] ≡ 1 (mod p), and the Isaacs–Navarro
Conjecture becomes our condition (1). Hence, we recover the Isaacs–Navarro Conjecture for
these groups from the theorem.
Proof. If D = 1, then G = NG(D), so the theorem holds. By for example [14], the blocks of G
are either of full defect or of defect zero. Hence, if D = 1 and D is not a Sylow p-subgroup
of G, then the theorem holds as f is a bijection between empty sets. Henceforth, we assume that
D is a Sylow p-subgroup of G. We assume without loss that D = P is the Sylow p-subgroup
of B(n,q).
Let f0 = f−12 f1 be obtained by composition from the maps f1 and f2 from Theorem 4.9 and
Theorem 4.10 respectively. Hence, in particular,
f0 : Irrp′
(
GL(n, q)
)→ Irrp′(B(n,q))
is a bijection. The determinant provides a preferred isomorphism from GL(n, q)/SL(n, q)
onto F1, and an isomorphism from B(n,q)/(B(n, q) ∩ SL(n, q)) onto F1. By Theorems 4.9
and 4.10, f0 commutes with multiplication by linear characters of F1, and with conjugation by el-
ements of Gal(F/Qp). Let χ ∈ Irrp′(GL(n, q)), and let ψ = f0(χ). Let K = Qp(ResGL(n,q)SL(n,q) (χ))
be the field of values of the restriction of χ to SL(n, q) over the field Qp . If σ ∈ Gal(F/Qp)
then σ ∈ Gal(F/K) if and only if σχ is equal to χ times some linear character of F1. Since,
a similar statement is true for ψ , we have that the field of values over Qp of the restriction
of ψ to B(n,q) ∩ SL(n, q) is also K . The Clifford theory of χ with respect to the normal sub-
group SL(n, q) is determined by an element χ ∈ Clif(F1,K), see [17] for details. Likewise
the Clifford theory of ψ of B(n,q) with respect to the normal subgroup B(n,q) ∩ SL(n, q) is
determined by the element ψ ∈ Clif(F1,K). We now show that χ = ψ.
Let f1(χ) = xn + a1xn−1 + · · · + an. Suppose first that f1(χ) has no zero coefficients, that
is that 0 /∈ {a1, . . . , an}. Then, the multiplication of χ by linear characters of F1 yields distinct
irreducible characters, so that the restriction of χ to SL(n, q) is irreducible. The element χ ∈
Clif(F1,K) is calculated in [17, Theorem 3.3]. It is given as a triple [Z,α,b] as follows. In this
case, Z = K , furthermore, there is a j0 ∈ GL(n, q) with det(j0) = ζq−1 such that χ(j0) = 0, and
we may take α to be χ(j0)q−1 times any q−1 power of a non-zero element of K , and, finally, b is
an element in Br(K) obtained from α. Let β be the unique power of ζq−1 such that β = a1. Let
σ ∈ Gal(F/K). Then, there exists some linear character λ ∈ Irr(GL(n, q)) such that σχ = λχ .
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that σ(a1) = λˆa1, and this implies that σ(β) = λˆβ . Now χ(j0)/β is fixed by every element of
Gal(F/K), so that we may use α = βq−1 = 1. It follows that χ is described by [K,1,1]. The
triple that describes ψ can be computed from [16, Theorem 4.3]. By the definition of f2, ψ
restricts to the trivial character of P , so in Theorem 4.3 of [16] we may take θ to be the trivial
character. It then follows that ψ is described by [K,1,1] as well. Hence, χ = ψ in this
case. Suppose now that 0 ∈ {a1, . . . , an}. In this case, we may likewise use [16, Theorem 4.3]
to calculate ψ, this time using θ = φS (see the proof of Theorem 4.10). Hence, θ is a linear
character of order p of P . By the proof of Theorem 3.3 in [17] the calculation of χ proceeds in
exactly the same manner from a (perhaps different) linear character of P of order p. Let [Z,α,b]
describe χ and let [Z′, α′, b′] describe ψ. By Proposition 4.1 in [16] we have Z = Z′. By
Remark 3.4 in [17], it then follows that χ = ψ as desired.
Hence, f0 preserves the Clifford theory with fields of values and Schur indices of each irre-
ducible character. It is, therefore, straightforward to define the bijection
f : Irr0(G,P ) → Irr0
(
NG(P ),P
)
by assigning to each irreducible character in the restriction of χ to G, an appropriate character
in the restriction of ψ to NG(P ). This bijection satisfies condition (4) of our theorem, and, with
a little care, can be made to satisfy condition (3) as well. In addition, χ(1) ≡ 1 (mod p) and
ψ(1) ≡ 1 (mod p), so that condition (1) is satisfied also.
The characters of p′ degree of any group are in blocks of full defect, and the block they
belong to depends on the values of the central character on conjugacy class sums for conjugacy
classes with a representative which is a p′-element in the centralizer of a Sylow p-subgroup.
The p′-elements of the centralizer of a Sylow p-subgroup of GL(n, q) form exactly the center
subgroup Z(GL(n, q)) of GL(n, q). Let ν ∈ Irr0(G,P ) be in a block B of full defect. This block
is determined by the linear character η′ contained in the restriction of ν to G ∩ Z(GL(n, q)).
Suppose ν is contained in the restriction of χ ∈ Irrp′(GL(n, q)), so that f (ν) is contained in
the restriction of ψ = f0(χ). Let η be the linear character of Z(GL(n, q)) which is contained in
the restriction of χ to Z(GL(n, q)), so that η′ is the restriction of η. By the definition of f0 and
Theorem 4.9(2) and Theorem 4.10(2), we have that η is also the linear character of Z(GL(n, q))
contained in the restriction of ψ to Z(GL(n, q)). Hence, η′ is also contained in the restriction
of f (ν) to G ∩ Z(GL(n, q)). Hence, f (ν) belongs to the Brauer correspondent block of B .
Hence, condition (2) holds. This completes the proof of the theorem. 
5. Some consequences of the conjectures
Recall that χ ∈ Irr(G) is p-rational if Q(χ) is contained in the field Q extended by some
primitive p′th root of unity. The following corollary generalizes [11, (5.4) Theorem].
Corollary 5.1. Let G be a finite group, p be any prime, and let P ∈ Sylp(G) and N = NG(P ).
Assume Conjecture A holds for G and p. Then the number of p-rational characters in Irrp′(G)
and in Irr(N/P ′) is the same.
Proof. Let χ ∈ Irrp′(G). Then, χ is p-rational if and only if Qp(χ) is unramified over Qp , and
the same holds for the characters in Irr(N/P ′). Hence, the corollary follows immediately from
Conjecture A. 
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with degree prime to p is strongly reflected in the normalizer of a Sylow p-subgroup. The next
theorem is a simple example of such. Actually, its proof yields more detailed information on the
structure of the normalizer of a Sylow p-subgroup, but we do not state it explicitly.
Theorem 5.2. Let G be a finite group, p be any prime dividing |G|, and let P ∈ Sylp(G) and
N = NG(P ). Let χ be an irreducible character of G with p′ degree. Assume Conjecture A holds
for G and p. Then, the p-local Schur index mp(χ) divides p − 1, and N contains some element
of order pmp(χ).
Proof. By Conjecture A, it is enough to consider the case when P is normal in G. In this case,
P ′ ⊆ ker(χ), so, we may further assume that P is abelian, and that mp(χ) > 1. Now, we know
that in N there will be one of a number of minimal configurations. Using the lists in [12,13], we
see that p is odd, that mp(χ) divides p − 1, and that N has an element of order pmp(χ). 
A similar proof yields p-local structural information under Conjecture B. Under Conjecture B,
if some irreducible character χ lies in a block with defect D with height zero, then its p-local
Schur index will imply the existence of certain specific groups as section of the normalizer of the
defect group D.
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